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The dynamics of conversion of conduction electrons into topological solitons of a charge density
wave ~CDW! commensurability in an external electric field is investigated. A novel
mechanism of initiation of a nonlinear CDW current in the vicinity of the interface between a
CDW and a normal metal is revealed and explained. The nonlinear current is produced
by the conduction solitons created by the moving profile of the order parameter, formed during
the conversion of electrons into collective phase excitations of a CDW. The field
dependence of the current is of threshold nature and has no analogs in the bulk mechanisms of
CDW nonlinearity. © 1997 American Institute of Physics.@S1063-777X~97!01012-8#
INTRODUCTION
It is well known that several quasi-one-dimensional met-
als are transformed into the Peierls–Fro¨hlich phase as a re-
sult of cooling, which is accompanied by the emergence of a
lattice superstructure along the unidimensionality direction
with a periodp/kF . The static lattice deformation modulus
creates a gap 2D in the one-electron spectrum, while the
phase of the order parameterD exp(iw) is electrically active
and causes a collective response of a Peierls insulator~PI! to
an external field. The deformations of the lattice are called
charge density waves~CDW!.
Study of quasi-one-dimensional conductors with CDW
is interesting primarily because they exhibit nonlinear elec-
trical conductivity in very weak electric fields~see, for ex-
ample, the reviews in Refs. 1 and 2!. The nonlinear conduc-
tivity is of the threshold type and has always been attributed
to processes occurring in the bulk of the conductor. There are
two theoretical approaches to this phenomenon, viz., the
classical approach and the quantum approach.1,2 In both ap-
proaches, the charge transport in a CDW is presented as a
collective mode, i.e., the Peierls–Fro¨hlich order parameter
phase, when the charge fluctuationsdr and the CDW current
j are described by Fro¨hlich relations for a single chain~see,












wherex is the direction of unidimensionality.
The CDW on a single chain is always described by the
sine-Gordon~SG! equation. The SG solitons play the role of
charge carriers.
In the classical model, the nonlinearity of electrical con-
ductivity has the form1
j ;AE22ET2, E.ET . ~2!
The threshold fieldET is connected with the bulk term in the
SG equation.
The quantum model connects the nonlinearity with the
tunnel creation of soliton–antisoliton (s s̄) pairs by an elec-
tric field, and the current is defined as2
j ;~E2ET!expS 2 E0E2ETD , E.ET . ~3!
The threshold fieldET is determined by the Coulomb
interaction between a soliton and an antisoliton.
However, the modern state of the experiment does not
permit us to give preference to any of the models, hence both
approaches are equivalent at present, and probably comple-
ment each other.
It has become clear recently that an important role in the
conductivity of CDW is played by contact phenomena at the
interface between a CDW and a normal metal, where the
conduction electron current is transformed into the collective
CDW current. Qualitatively, the need for the existence of a
conversion channel is dictated by the instability of a free
electron or hole in a quasi-one-dimensional Peierls lattice to
self-trapping with the formation of a collective charge.3,4
This channel causes a finite conduction through the metal-
CDW interface at temperaturesT!D, when the conven-
tional one-electron current is exponentially suppressed
@;exp(2D/T)# ~see, for example, Ref. 5!.
It is not obvious beforehand whether an additional non-
linearity emerges in the conversion channel. This problem is
studied in the present work where it is shown that a nonlinear
conductivity emerges in a simplified one-dimensional model.






where ET is defined by the bulk term in the sine-Gordon
equation like in the classical model.
Investigations of the dynamics of the conversion process
were started in Refs. 6 and 7. An instanton mechanism was
proposed in Ref. 6 for the transition of free charges from the
chemical potential level at the metal-CDW interface to the PI
condensate~valence band! with the formation of a collective
charge~CDW phase profile! localized at distances of the or-
der of j05\VF /D from the interface. Transition to the con-
densate is always made by two electrons, which is reminis-
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cent of Andreev scattering from the point of view of the
outer boundary relative to the PI. Unlike the case of super-
conductors in whichD is the only parameter determining the
space and time dynamics of the order parameter, three well-
defined time scales exist in a PI2,3,6,7:
~1! the time of formation of the quasiparticle spectrum
tS;\/D;
~2! the time of deformation of the order parameter modulus
tD;v̄
21, wherev̄ is of the order of Debye frequency
v̄!D;
~3! the phase evolution time of the order parameter
tw@tD@ts .
These parameters make it possible to formulate and con-
sistently solve the problem of transformation of electron
charge through the interface. A quasiparticle level is formed
on gap fluctuation~instanton! over a timets . The fluctuation
itself takes place over a timetD , the bound level is absorbed
by the valence band, and the initial condition
dw5w(x5`)2w(x50)52p is formed for the problem on
the evolution of the phase from the boundaryx50 towards
x.0. This condition corresponds to a charge 2@see Eq.
~1!#. A steadily moving CDW profile is obtained from the
initial condition in timetw .
7
Earlier, we studied7 the evolution of the initial condition
in a cluster of the nearest chains carrying a noncommensu-
rate CDW. The role of the bulk term in the sine-Gordon
equation was played by interaction of the type sin(wi2wi11)
between chains. In the equation for a commensurate CDW,
each chain acquires an additional term sin(Mwi), whereM is
an integer.1,2 Accordingly, a topological soliton has an
asymptotic formdw5w(x5`)2w(x52`)52p/M . Such
a soliton is a stable carrier of the fractional charge 2e/M in
a CDW.2 It is certainly interesting to study the evolution of
the initial conditiondw52p in M solitons and to study their
dynamics in an electric field. Such a problem is formulated
and solved in the present work for a single chain.
In Ref. 7, we reduced the Cauchy problem for a CDW to
an exactly integrable problem and solved it by the inverse
scattering problem method. In an external electric field, the
exact integrability is violated on the right-hand side of the
sine-Gordon equation, and the equation is solved numeri-
cally. It was found thatss̄pairs are created in an electric field
with an intensity inversely proportional to timet̄ ~14!,
which determines the current~4!.
We believe that the nonlinear conductivity~4! can be
explained as follows: the initial CDW profile at the interface
has an energy of the orderD which is considerably higher
than static energy of a topological soliton carrying a charge
2e/M . Away from the interface, nonlinear deformations are
created in the moving front region from the high-energy ini-
tial profile in a time t0 . During a time of the order of
A2d/(E2ET) ~d is the soliton width!, these deformations
are transformed into topological solitons with an asymptotic
form dw52p/M , or antisolitons withdw522p/M ~de-
pending on the direction of the electric field! moving behind
the front along or against the field. Accordingly, the total
time for the creation of a stable topological charge62e/M
is t̄ 5t01A2d/(E2ET). The creation frequencyt̄ 21 de-
termines the number of charges created, i.e., the nonlinear
conductivity ~4!.
A similar dynamic effect of multiple creation of domain
walls for a moving domain boundary was studied in Ref. 8.
MODEL AND NUMERICAL ANALYSIS
Suppose that a CDW occupies a semi-axis>0. The





H D2v̄2 S ]w]t D 22 \2VF
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wherev0 is the commensurability frequency. Here,w0 is the
phase forx→6`. Such a form of notation for the last term
in Eq. ~5! takes into account the fact that the electric field
acts on CDW only in the region whereu]w/]xuÞ0.
In a nonzero fieldE, the quantityw0 is renormalized as
seen from the equation of motion, which can be represented
in dimensionless units
t5v0tA2/M , y5xS \VFv̄2Dv0 AM /2D , ~6!
for the variablex5w2w0 .
















Equation~7! is supplemented by the initial and boundary








where j̄ 0 is the coherence lengthj05\VF /D in dimension-
less variables~6!, j̄ 0!1, andu(y) is the Heaviside function.
Note that the small scale of variation of the initial con-
dition j̄ 0!1 cannot emerge formally in the solution of a
purely phase problem with Lagrangian~5! since the latter
corresponds to the long-wave approximationuw8u!j0
21.2 It
was mentioned above~see Ref. 7 also! that such an initial
condition is the result of joining of the instanton solution6
formed during the timetD with a long-wave description
valid for t>tw .
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Equation ~7! with the boundary conditions~9! was
solved numerically by the method of finite differences. The
difference equation corresponding to Eq.~7! has the form
x i 11,k1x i 21,k22x i ,k
~Dt!2
2
x i ,k111x i ,k2122x i ,k
~Dy!2
1sin M ~x1w0!5«, ~10!
where Dt is the time step,Dy is the coordinate step, and
x i ,k5x(Dt i ,Dyk). Equation~10! was solved for different
values ofDt, Dy, andM , and under different initial condi-
tions ~9!. Typical solutions have been constructed in Figs. 1,
2, and 3. The number of sites (k) is 10000. It was found that
a change in the initial conditions~9! has no significant effect
on the solution of Eq.~7!.
In a weakly retarding fieldu«u!0.1 ~Fig. 1!, the initial
profile moving against the field loses stability after some
time and simply splits into commensurability solitons. The
latter are retarded, reverse their direction, and eventually
gather nearx50. Radiation propagating with the maximum
speed is observed. With increasing field, charge creation by
the field is observed additionally~Fig. 2!.
In an accelerating field, the initial condition trivially de-
composes into topological solitons with time for«,0.1,
while the field merely affects the time of formation of soli-
tons and their velocity. Movement of radiation at the highest
velocity was observed in front of the profile. For«.0.1,
charge creation by the field is observed~Fig. 3!. A similar
effect was also observed in Ref. 9 during a numerical analy-
sis of the motion of Josephson vortices in a system with
dissipation. However, the difference lies in that, instead of an
infinite number, we are looking at a finite number of created
charges, this number depending on the field~Fig. 4!. The
dependence of the charge creation time on the field is shown
in Fig. 5 and is approximated well by the law
t̄ 5A1B/A«2«T.
A reversal of the sign of created charges upon a change
in the direction of the field unambiguously indicates that the
mechanism of their formation is polarization: for«.0, the
soliton moves along the field, and the antisoliton moves
against the field; for«,0, s and s̄ interchange their places.
The time of formation of free charge carriers is esti-
mated as follows.
Suppose that, in a CDW profile moving with a practi-
cally limiting velocity, nonlinear fluctuations produce a de-
formation of the front withdw50 over a timet0 . In the
absence of a field, such a process does not lead to charge
creation since such a deformation moves with the front and
is not polarized.
We shall assume that, in the presence of a field«.0, the
leading front of the created deformation continues to move
with the CDW front with a limiting velocity, while the trail-
ing front gets retarded by the field and is ultimately trans-
formed into a soliton withdwS52p/M , which subsequently
reverses its direction. The equations of motion for the lead-
FIG. 1. Evolution of the initial condition in a retarding field«520.05,
M52:t1,t2,t3,t4,t5,t6,t7,t8.
FIG. 2. Evolution of the initial condition in a retarding field«520.3,
M53. CDW solitons with an asymptotic form 2p/3 are produced from the
initial condition (t1) with increasing time:
t1,t2,t3,t4,t5,t6,t7,t8.
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whereC0 is the maximum velocity in the system,«T is the







As soon as the field«2«T separates the centersx1 and
x2 by a distance of the order of the kink widthd over a time
t̄ , we can see that the trailing profile of the created defor-
mation moves like a free charge, i.e.,
d5x12x25H 2 t̄ 22 1t0t̄2 t0
2
2 J ~«2«T!. ~13!
From the last equation, we obtain
t̄5t01A2d/~«2«T!, ~14!
as is indeed observed in the numerical experiment~Fig. 5!.
The quantityt̄ 21(«) defines the intensity of free charge cre-
ation, i.e., the current~4!.
Thus, we have discovered and explained a new mecha-
nism of formation of the nonlinear CDW current near the
interface with a normal conductor. This mechanism supple-
ments the known mechanisms studied for an infinite CDW.
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FIG. 3. Evolution of the initial condition in an accelerating field«50.3,
M53. CDW solitons with an asymptotic form 2p/3 are produced from the
initial condition (t1) with increasing time.t1,t2,t3,t4,t5,t6.
FIG. 4. Field dependence of the number of topological solitons created,
«.0, M53.
FIG. 5. Dependence of the topological charge creation time on fieldu«u.
Numerical method for«.0 ~j!; numerical method for«,0 ~d!, results
obtained by using formula~14! ~dark triangles!.
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